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Abstract. The big bang model and the history of the early universe according 
to the grand unified theories are introduced. The shortcomings of big bang are 
discussed together with their resolution by inflationary cosmology. Inflation, the 
subsequent oscillation and decay of the inflaton, and the resulting 'reheating' of 
the universe are studied. The density perturbations produced by inflation and the 
temperature fluctuations of the cosmic background radiation are discussed. The hy- 
brid inflationary model is described. Two 'natural' extensions of this model which 
avoid the disaster encountered in its standard realization from the overproduction of 
monopoles are presented. Successful 'reheating' satisfying the gravitino constraint 
takes place after the end of inflation in all three versions of hybrid inflation. Ade- 
quate baryogenesis via a primordial leptogenesis occurs consistently with the solar 
and atmospheric neutrino oscillation data. The primordial lepton asymmetry is 
turned partly into baryon asymmetry via the sphalerons which are summarized. 



1 Introduction 

The discovery of the cosmic microwave background radiation (CMBR) in 
1964 together with the observed Hubble expansion of the universe had es- 
tablished hot big bang cosmology [Q as a viable model of the universe. The 
success of the theory of nucleosynthesis in reproducing the observed abun- 
dance pattern of light elements together with the proof of the black body 
character of the CMBR then imposed hot big bang as the standard cos- 
mological model. This model combined with grand unified theories (GUTs) 
[|j of strong, weak and electromagnetic interactions provides an appropriate 
framework for discussing the very early stages of the universe evolution. 

Despite its great successes, the standard big bang (SBB) cosmological 
model had a number of long-standing shortcomings. One of them is the so- 
called horizon problem. The CMBR which we receive now has been emitted 
from regions of the sky which never communicated causally before sending 
light to us. The question then arises how come the temperature of the black 
body radiation from these regions is so finely tuned as the measurements 
of the cosmic background explorer (COBE) Q show. Another issue is the 
flatness problem. The present universe appears almost flat. This requires that, 
in its early stages, the universe was flat with a great accuracy, which needs 
some explanation. Also, combined with GUTs which predict the existence of 
superheavy magnetic monopoles Q , the SBB model leads § to a cosmological 
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catastrophe due to the overproduction of these monopoles. Finally, the model 
does not explain the origin of the small density perturbations required for 
the structure formation in the universe |^ and the generation of the observed 
[|j temperature fluctuations in the CMBR. 

Inflation offers an elegant solution to all these problems of the SBB 
model. The idea behind inflation is that, in the early universe, a real scalar 
field (the infiaton) was displaced from its vacuum value. If the potential en- 
ergy density of this field happens to be quite fiat, the roll-over of the field 
towards the vacuum can be very slow for a period of time. During this pe- 
riod, the energy density is dominated by the almost constant potential energy 
density of the inflaton. As a consequence, the universe undergoes a period of 
quasi-exponential expansion, which can readily solve the horizon and flatness 
problems by stretching the distance over which causal contact is established 
and reducing any pre-existing curvature in the universe. It can also dilute 
adequately the GUT magnetic monopoles. Moreover, it provides us with the 
primordial density perturbations which are necessary for explaining the large 
scale structure formation in the universe |^ as well as the temperature fluctu- 
ations observed in the CMBR. Inflation can be easily incorporated in GUTs. 
It occurs during the GUT phase transition at which the GUT gauge symme- 
try breaks by the vacuum expectation value (vev) of a Higgs field, which also 
plays the role of the infiaton. 

After the end of inflation, the inflaton enters into an oscillatory phase 
about the vacuum. The oscillations are damped because of the dilution of the 
field energy density caused by the expansion of the universe and the decay 
of the infiaton into 'light' matter. The radiation energy density generated by 
the inflaton decay eventually dominates over the fleld energy density and the 
universe returns to a normal big bang type evolution. The cosmic temperature 
at which this occurs is historically called 'reheat' temperature although there 
is actually neither supercooling nor reheating of the universe Q . 

An important disadvantage of the early realizations of inflation is that 
they require tiny coupling constants in order to reproduce the COBE mea- 
surements on the CMBR. To solve this 'naturalness' problem, the hybrid 
inflationary scenario has been introduced ||lo| . The basic idea was to use two 
real scalar fields instead of one that was normally used. One fleld may be 
a gauge non-singlet and provides the 'vacuum' energy density which drives 
inflation, while the other is the slowly varying field during infiation. This 
splitting of roles between two fields allows us to reproduce the temperature 
fluctuations of the CMBR with 'natural' (not too small) values of the relevant 
parameters in contrast to previous realizations of inflation. Hybrid inflation, 
although initially introduced in the context of non-supersymmetric GUTs, 
can be 'naturally' incorporated ||Tl| , [l2| in supersymmetric (SUSY) GUTs. 

Unfortunately, the GUT monopole problem reappears in hybrid inflation. 
The termination of inflation, in this case, is abrupt and is followed by a 
'waterfall' regime during which the system falls towards the vacuum manifold 
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and starts performing damped oscillations about it. If the vacuum manifold 
is homotopically non-trivial, topological defects will be copiously formed 
by the Kibble mechanism p4[ since the system can end up at any point of this 
manifold with equal probability. So a cosmological disaster is encountered in 
the hybrid inflationary models which are based on a gauge symmetry breaking 
predicting the existence of magnetic monopoles. 

One idea [ p^ , p"5|p^ for solving the monopole problem of SUSY hybrid 
inflation is to include into the standard superpotential for hybrid inflation 
the leading non-renormalizable term. This term cannot be excluded by any 
symmetries and, if its dimensionless coefficient is of order unity, can be com- 
parable with the trilinear coupling of the standard superpotential (whose 
coefficient is ~ 10""^). Actually, we have two options. We can either keep 
both these terms or remove [T^Jl^ the trilinear term by imposing an appro- 
priate discrete symmetry and keep only the leading non-renormalizable term. 
The pictures which emerge in the two cases are quite different. However, they 
share an important common feature. The GUT gauge group is already bro- 
ken during inflation and thus no topological defects can form at the end of 
inflation. Consequently, the monopole problem is solved. 

A complete inflationary scenario should be followed by a successful 're- 
heating' satisfying the gravitino constraint pTf on the 'reheat' temperature, 
Tr < 10^ GeV, and generating the observed baryon asymmetry of the universe 
(BAU). In hybrid inflationary models, it is generally preferable to gener- 
ate the BAU by first producing a primordial lepton asymmetry |19 which is 
then partly converted into baryon asymmetry by the non-perturbative elec- 
troweak sphaleron effects |^,^. Actually, in many specific models, this is 
the only way to generate the BAU since the inflaton decays into right handed 
neutrino superfields. The subsequent decay of these superfields into lepton 
(antilepton) and electroweak Higgs superfields can only produce a lepton 
asymmetry. Successful 'reheating' can be achieved p5| , p^ in hybrid infla- 
tionary models in accord with the experimental requirements from solar and 
atmospheric neutrino oscillations and with 'natural' values of parameters. 



2 The Big Bang Model 

We will start with an introduction to the salient features of the SBB model [Q| 
and a summary of the history of the early universe in accordance to GUTs. 



2.1 Hubble Expansion 

For cosmic times t > tp = Mp^ - 10"'''^ sec {Mp = 1.22 x 10^^ GeV is the 
Planck scale) after the big bang, the quantum fluctuations of gravity cease 
to exist. Gravitation can then be adequately described by classical relativity. 
Strong, weak and electromagnetic interactions, however, require relativistic 
quantum field theoretic treatment and are described by gauge theories. 
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An important principle, on which SBB is based, is that the universe is 
homogeneous and isotropic. The strongest evidence for this cosmological prin- 
ciple is the observed |^ isotropy of the CMBR. Under this assumption, the 
four dimensional space-time is described by the Robertson- Walker metric 



dr 



2 



1 — kr^ 



(1) 



where r, ip and 9 are 'comoving' polar coordinates, which remain fixed for 
objects that have no other motion than the general expansion of the universe. 
k is the 'scalar curvature' of the 3-space and fc = 0, > or < corresponds to 
flat, closed or open universe. The dimensionless parameter a{t) is the 'scale 
factor' of the universe and describes cosmological expansion. We normalize 
it by taking ap = a(to) — 1, where to is the present cosmic time. 
The 'instantaneous' radial physical distance is given by 

For flat universe {k ~ 0), R — a{t)r (f is a 'comoving' and R a physical 
vector in 3-space) and the velocity of an object is 

dR a - df 
V ^ — = -R + a— , (3) 
dt a dt ' ^ ' 

where overdots denote derivation with respect to cosmic time. The second 
term in the right hand side (rhs) of this equation is the so-called 'peculiar ve- 
locity', V = a{t)f, of the object, i.e., its velocity with respect to the 'comoving' 
coordinate system. For u = 0, (||) becomes 

V ^-R = H{t)R , (4) 
a 

where H{t) = a{t)/a{t) is the Hubble parameter. This is the well-known 
Hubble law asserting that all objects run away from each other with velocities 
proportional to their distances and is the first success of SBB cosmology. 



2.2 Priedmann Equation 

Homogeneity and isotropy of the universe imply that the energy momentum 
tensor takes the diagonal form {T^) = diag(— where p is the energy 
density of the universe and p the pressure. Energy momentum conservation 
{T^.^j = 0) then takes the form of the continuity equation 



(5) 
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where the first term in the rhs describes the dilution of the energy due to the 
expansion of the universe and the second term corresponds to the work done 
by pressure. Equation (^) can be given the following more transparent form 

— a^p^ — ~p Ana^da , (6) 

which indicates that the energy loss of a 'comoving' sphere of radius cx a{t) 
equals the work done by pressure on its boundary as it expands. 

For a universe described by the metric in (|l|), Einstein's equations 

where R^l" and R are the Ricci tensor and scalar curvature and G = Mp"^ is 
the Newton's constant, lead to the Friedmann equation 



H^^mX^'-^pA (8) 



a{t) J i a? 

Averaging p, we can write p + p — {1 + w)p = 7p and (|^) becomes 
p ~ —'SHjp, which gives dp/p = —i^da/a and p cx a~^'' . For a universe 
dominated by pressureless matter, p = Q and, thus, 7=1, which gives 
p cx a^"^. This is interpreted as mere dilution of a fixed number of particles 
in a 'comoving' volume due to the cosmological expansion. For a radiation 
dominated universe, p = p/Z and, thus, 7 = 4/3, which gives p cx a"'*. Here, 
we get an extra factor of a{t) due to the red-shifting of all wave lengths by 
the expansion. Substituting p cx a^^^ in (||) with fc = 0, we get d/a oc a~'^'^l'^ 
and, thus, a(t) cx t^l'^'^ . Taking into account that a(to) = 1, this gives 

a(t) = {tmfl^^. (9) 

For a matter dominated universe, we get the expansion law a(t) ~ (ijioj^l'^ . 
'Radiation', however, expands as a(t) = (tlto)^!'^ . 

The early universe is radiation dominated and its energy density is 

P=^^^[n,X-N^T'^cT\ (10) 

where T is the cosmic temperature and Nh{S) the number of massless bosonic 
(fermionic) degrees of freedom. The quantity g^, — + {7/8)Nf is called 
effective number of massless degrees of freedom. The entropy density is 

'-^9* T\ (11) 

Assuming adiabatic universe evolution, i.e., constant entropy in a 'comoving' 
volume {so?' — constant), we obtain aT — constant. The temperature-time 
relation during radiation dominance is then derived from ^ (with k — 0): 

t2 = Ml . (12) 

2(8^3)1/2^ ^ ' 
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Classically, the expansion starts at t = with T = oo and a = 0. This initial 
singularity is, however, not physical since general relativity fails for t ^ tp 
(the Planck time). The only meaningful statement is that the universe, after 
a yet unknown initial stage, emerges dX t ^ tp with T ~ Mp. 



2.3 Important Cosmological Parameters 

The most important parameters describing the expanding universe are: 

i. The present value of the Hubble parameter (known as Hubble constant) 
Ho = H{ta) = 100 h km sec^i Mpc"^ {h w 0.72 ± 0.07 ||). 

ii. The fraction Q = p/ pc, where pc is the critical density corresponding to a 
flat universe. From (|), p^ = SH^/SnG and I? = 1 + k/a^H^. I? = 1, > 1 
or < 1 corresponds to flat, closed or open universe. Assuming inflation 
(see below), the present value of i7 must be i7o = 1 in accord with 
the recent DASl observations which yield — 1 ± 0.04. The low 

deuterium abundance measurements give flsh^ ~ 0.020 ± 0.001, 
where Hp is the baryonic contribution to Hq. This result implies that 
Qp « 0.039 ±0.077. The total contribution Qm of matter to fl^ can then 
be determined from the measurements |2^ of the baryon-to-matter ratio 
in clusters. It is found that Qm ~ 1/3, which shows that most of the 
matter in the universe is non-baryonic, i.e., dark matter. Moreover, we 
see that about 2/3 of the energy density of the universe is not even in 
the form of matter and we call it dark energy. 



iii. The deceleration parameter 

(a/a) p + ip 



(13) 



(d/a) 2pc 

Measurements of type la supernovae [ p6| indicate that the universe is 
speeding up (go < 0). This requires that, at present, p < as can be seen 
from (^3|). Negative pressure can only be attributed to the dark energy 
since matter is pressureless. Equation (^3|) gives go = (■i^o + '^wx^x) 1'^-, 
where Qx = Px / Pc and wx = Px / Px with px and px being the dark 
energy density and pressure. Observations prefer wx = — 1, with a 95% 
confidence limit wx < —0.6 [ p7[ . Thus, dark energy can be interpreted 
as something close to a non-zero cosmological constant (see below) . 



2.4 Particle Horizon 

Light travels only a finite distance from the time of big bang (i = 0) until 
some cosmic time t. From (|l|), we find that the propagation of light along the 
radial direction is described by a{t)dr = dt. The particle horizon, which is 
the 'instantaneous' distance at t travelled by light since i = 0, is then 

dH{t) = a{t) f ^ ■ (14) 
Jo a{t') 
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The particle horizon is an important notion since it coincides with the size 
of the universe already seen at time t or, equivalently, with the distance at 
which causal contact has been established at t. Equations (||) and ( p^ give 

= .7^2/3. (15) 

Also, 

H{t) ^t-\ dnit) - ^^H-^^) . (16) 

For 'matter' ('radiation'), these formulae become rf/f(t) = 2H~^{t) = 3t 
{dnit) = H~^{t) = 2t). Assuming matter dominance, the present particle 
horizon (cosmic time) is dH{to) = 2H^^ w 6,000 /i^^ Mpc {to = 2H^^/5 w 
6.5 X 10^ h-^ years). The present pc ^ SH^/SttG w 1.9 x lO^^g ^2 gm/cm^. 



2.5 Brief History of the Early Universe 

We will now briefly describe the early stages of the universe evolution ac- 
cording to GUTs [||. We take a GUT based on the gauge group G (= SU{5), 
5*0(10), SU{3f, ...) with or without SUSY. At a superheavy scale Mx ~ 
10^^ GeV (the GUT mass scale), G breaks to the standard model gauge group 
Gs ~ SU{3)c X SU{2)l X U{1)y by the vev of an appropriate Higgs field 
<p. (For simplicity, we consider that this breaking occurs in one step.) Gs is, 
subsequently, broken to SU{i)c x U{l)em at the electroweak scale Mw- 

GUTs together with the SBB model provide a suitable framework for 
discussing the early history of the universe for cosmic times > lO"^** sec. 
They predict that the universe, as it expands and cools after the big bang, 
undergoes [p8| a series of phase transitions during which the gauge symmetry 
is gradually reduced and several important phenomena take place. 

After the big bang, G was unbroken and the universe was filled with a hot 
'soup' of massless particles which included not only photons, quarks, leptons 
and gluons but also the weak gauge boson T^±, ZO, the GUT gauge bosons X, 
Y, ... and several Higgs bosons. (In the SUSY case, all the SUSY partners of 
these particles were also present.) At cosmic time t ~ 10~^^ sec corresponding 
to temperature T ~ 10^® GeV, G broke down to Gs and the X, Y, ... 
gauge bosons together with some Higgs bosons acquired superheavy masses of 
order Mx- Their out-of-equilibrium decay could, in principle, produce p(J,p9i 



the observed BAU (with the reservation at the end of Sect. 14. 2). Important 
ingredients are the violation of baryon number, which is inherent in GUTs, 
and C and CP violation. This is the second (potential) success of SBB. 

During the GUT phase transition, topologically stable extended objects 
[ p^ such as monopoles |^ , cosmic strings or domain walls can also be 
produced. Monopoles, which exist in most GUTs, can lead into cosmological 
problems § which are, however, avoided by inflation (sec Sccts.^!^ and 
[l.3|). This is a period of an exponentially fast expansion of the universe which 
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can occur during some GUT phase transition. Cosmic strings can contribute 
[ 32I to the primordial density perturbations necessary for structure formation 
[3|| in the universe whereas domain walls are pi] absolutely catastrophic 
and GUTs should be constructed so that they avoid them (see e.g., Q) or 
inflation should be used to remove them from the scene. 

At t '--^ 10~^" sec or T '--^ 100 GeV, the electroweak transition takes place 
and Gs breaks to SU{3)c x U{l)em- , and the electroweak Higgs fields 
acquire masses ~ Mw . Subsequently, at i ~ 10~* sec or T 1 GeV, color 
confinement sets in and the quarks get bounded forming hadrons. 

The direct involvement of particle physics essentially ends here since most 
of the subsequent phenomena fall into the realm of other branches. We will, 
however, sketch some of them since they are crucial for understanding the 
earlier stages of the universe evolution where their origin lies. 

At t « 180 sec (T « 1 MeV), nucleosynthesis takes place, i.e., protons 
and neutrons form nuclei. The abundance of light elements (D, ^ife, ^He 
and Li) depends crucially on the number of light particles (with mass 
< 1 MeV), i.e., the number of light neutrinos, iVj^, and Slsh^- Agreement with 
observations is achieved for = 3 and flsh^ ~ 0.020. This is the third 
success of SBB cosmology. Much later, at the so-called 'equidensity' point, 
teq « 5 X 10** years, matter dominates over radiation. 

At cosmic time t « 200,000 /i-^years (T w 3,000 K), we have the 'de- 
coupling' of matter and radiation and the 'recombination' of atoms. After 
this, radiation evolves as an independent (not interacting) component of the 
universe and is detected today as CMBR with temperature Tq « 2.73 K. The 
existence of this radiation is the fourth success of the SBB model. Finally, 
structure formation Q in the universe starts at i « 2 x 10* years. 

3 Shortcomings of Big Bang 

The SBB cosmological model has been very successful in explaining, among 
other things, the Hubble expansion of the universe, the existence of the 
CMBR and the abundances of the light elements which were formed dur- 
ing primordial nucleosynthesis. Despite its great successes, this model had a 
number of long-standing shortcomings which we will now summarize: 

3.1 Horizon Problem 

The CMBR, which we receive now, was emitted at the time of 'decoupling' of 
matter and radiation when the cosmic temperature was Td ~ 3, 000 K. The 
decoupling time, td, can be calculated from 

To _ 2.73 K ^ a{U) _ fuV/^ 

Td 3,000 K a{to) \to J ' ^ ' 

It turns out that td ~ 200,000 years. 
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The distance over which the CMBR has travelled since its emission is 



which essentially coincides with the present particle horizon size. A sphere 
around us with radius equal to this distance is called the 'last scattering 
surface' since the CMBR observed now has been emitted from it. The particle 
horizon size at td was 2H~^{td) = 3td ~ 0.168 Mpc and expanded until 
now to become equal to 0.168 h-^{a{to)/a{td)) Mpc « 184 h'^ Mpc. The 
angle subtended by this 'decoupling' horizon at present is 6d ~ 184/6, 000 ~ 
0.03 rads « 2°. Thus, the sky splits into 47r/(0.03)2 sa 14,000 patches which 
never communicated causally before sending light to us. The question then 
arises how come the temperature of the black body radiation from all these 
patches is so accurately tuned as the results of COBE |^ require. 

3.2 Flatness Problem 

The present energy density of the universe has been observed to be 
very close to its critical energy density corresponding to a flat universe 
(i7o = 1 ± 0.04). Equation (|) implies that (p - Pc)/pc = 3{8TTGpc)~'^{k/a'^) 
is proportional to a, for matter dominated universe. Thus, in the early uni- 
verse, we have \{p — Pc)/ Pc\ 1 ^^nd the question arises why the initial energy 
density of the universe was so finely tuned to be equal to its critical value. 

3.3 Magnetic Monopole Problem 

This problem arises only if we combine the SBB model with GUTs which 
predict the existence of magnetic monopoles. As already indicated, according 
to GUTs, the universe underwent [p8| a phase transition during which the 
GUT gauge symmetry group, G, broke to Gs- This breaking was due to 
the fact that, at a critical temperature Tc, an appropriate Higgs field, 0, 
developed a non-zero vev. Assuming that this phase transition was a second 



order one, we have ((/.)(T) w (0)(r = 0)(1 - T^/T^Y'^, mniT) w A((/))(r), 



for the temperature dependent vev and mass of the Higgs field respectively 
at T <Tc (A is an appropriate Higgs coupling constant). 

The GUT phase transition produces monopoles |4| which are localized 
deviations from the vacuum with radius ~ M^^, mass itim ^ Mx/o-g and 
(/> = at their center {ac = Sg/^"" with gc being the GUT gauge coupling 
constant). The vev of the Higgs field on a sphere, S"^, with radius ^ 
around the monopole lies on the vacuum manifold G/Gs and we, thus, obtain 
a mapping: — > G/Gs- If this mapping is homotopically non-trivial the 
topological stability of the monopole is guaranteed. 

Monopoles can be produced when the fiuctuations of (j) over (f) = between 
the vacua at ±{(j))(T) cease to be frequent. This occurs when the free energy 




(18) 
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needed for to fluctuate from {(j)){T) to zero in a region of radius equal 
to the Higgs correlation length £,{T) = m~^{T) exceeds T. This condition 
reads (47r/3)^^ziV" > T, where AV ~ X^{4>)'^ is the difference in free energy 
density between 4) — and (f> ~ {(f>){T). The Ginzburg temperature 
Tq, corresponds to the saturation of this inequality. So, at T < Tq, the 
fluctuations over (f) = Q stop and (0) settles on G/Gs- At Tq, the universe 
splits into regions of size ~ (A^T'c)^^, the Higgs correlation length at Tq, 
with (f) being more or less aligned in each region. Monopoles are produced 
at the corners where such regions meet (Kibble mechanism and their 
number density is estimated to be um ~ pCg'^ P'^^^c j where p ^ 1/10 is a 
geometric factor. The 'relative' monopole number density then turns out to 
be tm = tim/T^ ~ 10~^. We can derive a lower bound on tm by employing 
causality. The Higgs field (j) cannot be correlated at distances bigger than the 
particle horizon size, 2tG, at Tq. This gives the causality bound 

which implies that vm > 10^ 

The subsequent evolution of monopoles, after Tq, is governed by Q 

= -Dnj^i ~3-nM , (20) 

where the first term in the rhs (with D being an appropriate constant) de- 
scribes the dilution of monopoles by their annihilation with antimonopoles, 
while the second term corresponds to their dilution by Hubble expansion. The 
monopole-antimonopole annihilation proceeds as follows. Monopoles diffuse 
towards antimonopoles in the plasma of charged particles, capture each other 
in Bohr orbits and eventually annihilate. The annihilation is effective pro- 
vided that the mean free path of monopoles in the plasma does not exceed 
their capture distance. This holds for T > 10^^ GeV. The overall result is 
that, if the initial relative monopole density rM,in ~ 10~^ (ii 10~^), the final 
one rjv/,fin ~ 10~^ ''.A/.in). This combined with the causality bound yields 
TM,fin ~ 10"^*^. However, the requirement that monopoles do not dominate 
the energy density of the universe at nucleosynthesis gives 

rA/(r w 1 MeV) < 10-1^ (21) 

and we obtain a clear discrepancy of about ten orders of magnitude. 



3.4 Density Perturbations 

For structure formation j^] in the universe, we need a primordial density per- 
turbation, Sp/p, at all length scales with a nearly flat spectrum |3^. We also 
need an explanation of the temperature fluctuations of the CMBR observed 
by COBE |3j at angles 9 Z Od'^ 2° which violate causality (see Sect.B.l). 
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Let us expand 5p/ p in plane waves 

^-P{f,t)^ [ d^k5j,it)e^''', (22) 
P J 

where r is a 'comoving' vector in 3-space and k is the 'comoving' wave vector 
with A; = being the 'comoving' wave number (A = 27r/fc is the 'comoving' 
wave length and the physical wave length is Aphys = a{t)X). For Aphys < H~^, 
the time evolution of S^. is described by the Newtonian equation 

h + 2Hh + ^S-, ^ 4nGp6-, , (23) 

where the second term in the left hand side (Ihs) comes from Hubble expan- 
sion and the third is the 'pressure term' [vs is the velocity of sound given by 

= dp I dp). The rhs corresponds to the gravitational attraction. 

For the moment, put H=Q (static universe). There exists then a charac- 
teristic wave number fcj, the Jeans wave number, given by fcj = AnGa^p/v'^ 
and having the following property. For k > kj, pressure dominates over grav- 
itational attraction and the density perturbations just oscillate, whereas, for 
k < kj, attraction dominates and the perturbations grow exponentially. In 
particular, for 'matter', Vs = and all scales are Jeans unstable with 

(5fc cx exp(VT) , T = (47rGp)-i/^ (24) 

Now let us take H ^ 0. Since the cosmological expansion pulls the parti- 
cles apart, we get a smaller growth: 

6j, cx a(t) cx (25) 

in the matter dominated case. For 'radiation' {p ^ 0), we get essentially 
no growth of the density perturbations. This means that, in order to have 
structure formation in the universe, which requires 5p/p ^ 1, we must have 

(^)eq~4x 10-5(r2M/i')-\ (26) 
P 

at the 'equidensity' point, since the available growth factor for perturbations 
is given by ao/flcq 2.5 x IC^/^a/Zi^. The question then is where these pri- 
mordial density perturbations originate from. 

4 Inflation 

Inflation 0,| is an idea which solves simultaneously all four cosmological 
puzzles and can be summarized as follows. Suppose there is a real scalar 
field (f) (the inflaton) with (symmetric) potential energy density ^(0) which 
is quite flat near = and has minima at (j) = ±((/)) with F(± ((/>)) = 0. At 
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high enough T's, = in the universe due to the temperature corrections to 
V {(/)). As T drops, the effective potential approaches the T—0 potential but a 
little potential barrier separating the local minimum at = and the vacua 
at (j) — ±((/)) still remains. At some point, tunnels out to (pi <C {4>) and a 
bubble with (j) = (pi is created in the universe. The field then rolls over to the 
minimum of V{(f>) very slowly (due to the flatness of the potential). During 
this slow roll-over, the energy density p w V{4> — 0) = Vq remains essentially 
constant for quite some time. The Lagrangian density 

1 

2' 



L^-d^cj,d^q^-V{^) (27) 



gives the energy momentum tensor 

V = -d.^d'^cp + 5; (^^dxcPd^^ - y(0)) , (28) 

which during the slow roll-over takes the form T^"^ « — Vq 6^. This means 
that p « —p « Vo, i.e., the pressure is negative and equal in magnitude with 
the energy density, which is consistent with (||). As we will see, a(t) grows 
fast and the 'curvature term', k/a^, in (^) diminishes. We thus get 

i^^-f^V = ^^o, (29) 



which gives a{t) oc e^*, H-^ = {8ttG/3)Vo = constant. So the bubble expands 
exponentially for some time and a{t) grows by a factor 

^M=expff(t/-i,) = expiJT, (30) 
CLyti ) 

between an initial (t;) and a final (tf) time. 

The inflationary scenario just described, known as 'new' pTj inflation 
(with the inflaton starting from zero), is not the only realization of the idea 
of inflation. Another possibility is to consider the universe as it emerges at 
tp. We can imagine a region of size £p ^ Mp^ (the Planck length) where 
the inflaton acquires a large and almost uniform value and carries negligible 
kinetic energy. Under certain circumstances, this region can inflate (exponen- 
tially expand) as (p rolls down towards the vacuum. This type of inflation with 
the inflaton starting from large values is known as 'chaotic' inflation. 

We will now show that, with an adequate number of e-foldings, N = i/r, 
the first three cosmological puzzles are easily resolved (we leave the question 
of density perturbations for later). 

4.1 Resolution of the Horizon Problem 

The particle horizon during inflation 

m f dt' 



dit) = e"' ^ « H-'expH{t ~ U) , (31) 



ti 
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for t—ti ^ H^^, grows as fast as a{t). At the end of inflation {t = tf), d{tf) « 
iJ^^expiJr and </> starts oscillating about the minimum of the potential at 
(f> — {(p). It finally decays and 'reheats' j|] the universe at a temperature 
Tr ~ 10^ GcV The universe then returns to normal big bang cosmology. 
The horizon d{tf ) is stretched during the (/)-oscillations by a factor ~ 10® 
depending on details and between and the present by a factor T^/Tq. So 
it finally becomes equal to H^^e^'^l{)'^{Tr/TQ), which should exceed 2Hq^ 
in order to solve the horizon problem. Taking Vb « Mx ^ 10^^ GeV, 
we see that, with N = Ht > 55, the horizon problem is evaded. 



4.2 Resolution of the Flatness Problem 

The 'curvature term' of the Friedmann equation, at present, is given by 

^»(^)/--"(^)^ 

where the terms in the rhs correspond to the 'curvature term' before infla- 
tion, and its growth factors during inflation, during 0-oscillations and after 
'reheating' respectively. Assuming {k/a?)bi ^ {8nG/3)p ~ H"^ {p ~ Vq), we 
obtain Hq - 1 = k/a'^H^ ~ 10^^ e"^^^ which is < 1, for Ht > 55. Strong 
inflation implies that the present universe is flat with a great accuracy. 



4.3 Resolution of the Monopole Problem 

For N > 55, the monopoles are diluted by at least 70 orders of magnitude 
and become irrelevant. Also, since Tr <ti vtlm, there is no monopole pro- 
duction after 'reheating'. Extinction of monopoles may also be achieved by 
non- inflationary mechanisms such as magnetic confinement |39]. For models 
leading to a possibly measurable monopole density see e.g., |4C,^. 



5 Detailed Analysis of Inflation 

The Hubble parameter is not exactly constant during inflation as we, naively, 
assumed so far. It actually depends on the value of 4>: 

H'W - ^V{c^) . (33) 
To find the evolution equation for during inflation, we vary the action 

J V^d^) d^x - V{<P) + M{cf>)^ , (34) 

where g is the metric tensor and M{(f)) represents the coupling of (j> to 'light' 
matter causing its decay. We find 

4> + 3H(l) + r^^ + V'{(t))^0 , (35) 
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where the prime denotes derivation with respect to (j) ^J^d is the decay 
width of the inflaton. Assume, for the moment, that the decay time of 0, 
td = , is much greater than H~^, the expansion time for inflation. Then 

the term can be ignored and ( ^5|) becomes 

^ + 3H^ + V'{(j)) = . (36) 

Inflation is by definition the situation where </> is subdominant to the 'friction 
term' SHcf) (and the kinetic energy density is subdominant to the potential 
one). Equation ( ^6|) then reduces to the inflationary equation |^ 

3ff^--F'(0), (37) 

which gives 

Comparing the two terms in the rhs of this equation with the 'friction term' 
in (p^), we get the conditions for inflation (slow roll conditions): 



The end of the slow roll-over occurs when either of these inequalities is sat- 
urated. If (j)f is the value of cj) at the end of inflation, then tf ^ H~^{(j)f). 
The number of e-foldings during inflation can be calculated as follows: 

(40) 

where (|3C|), ( |37| ) and the definition oi H = a/a were used. For simplicity, we 
can shift the field 4> so that the global minimum of the potential is displaced 
at (/) = 0. Then, if V{4)) — Xcf)'^ during inflation, we have 

(41) 

Assuming that 0^ ^ 0/, this reduces to N{(f)) « (47rG/i^)0^. 



6 Coherent Oscillations of the Inflaton 



After the end of inflation at f/, the term takes over in (36) and starts 
performing coherent damped oscillations about the global minimum of the 
potential. The rate of energy density loss, due to 'friction', is given by 

P=i (l^^ + ^('^)') = -3^-^' = -^Hip + p) , (42) 



dt\2 
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where p — ([P' /2 + V{(t)) andp = (/)^/2 — (</>). Averagings over one oscillation 
of (j) and writing p + p — 7p, we get p oc a"'^'*' and a{t) (x t^/'^'*' (see Sect.^.2[). 
The number 7 can be written as (assuming a symmetric potential) 

j^pdt c-ip/m ' 

where T and (/>max are the period and the amplitude of the oscillation. From 
(p^ /2 + V{4>) = Vinax, where Vmax is the maximal potential energy density, 



we obtain (p — ^2(Vmax — V{'l>))- Substituting this in (^) we get 1 44 

^ (l-T//K.ax)^/^rf0 
T /^^— (l_l//y^^^)-l/2d0 



(44) 



For ¥{(/)) = we find 7 = 2i^/(i^ + 2) and, thus, p oc a-6'^/('"+2) and 

a{t) (X i('^+2)/3i'_ por v ^ 2, in particular, 7 = 1, p cx a~^, a{t) oc t^/^ and 
behaves like pressureless matter. This is not unexpected since a coherent 
oscillating massive free field corresponds to a distribution of static massive 
particles. For v—A^ we obtain 7 ~ 4/3, p oc a{t) oc i^/'^ and the system 
resembles radiation. For = 6, one has 7 = 3/2, p oc a^^/^, a(i) oc t''/^ and 
the expansion is slower (the pressure is higher) than in radiation. 

7 Decay of the Inflaton 

Reintroducing the 'decay term' -T^f/), ( |35| ) can be written as 

P - I (^<^' + V{^)^ ^~{iH + r^)d,\ (45) 
which is solved by 

pW=P/(^) "'exph7/^^(t-i;)] , (46) 

where p/ is the energy density at tf. The second and third factors in the rhs 
of this equation represent the dilution of the field energy due to the expansion 
of the universe and the decay of (j) to 'light' particles respectively. 

All pre-existing radiation (known as 'old radiation') was diluted by infla- 
tion, so the only radiation present is the one produced by the decay of 4> and 
is known as 'new radiation'. Its energy density satisfies the equation 

Pr = -iHpr + -ir^p , (47) 



where the first term in the rhs represents the dilution of radiation due to the 
cosmological expansion while the second one is the energy density transfer 
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from (j) to radiation. Taking pr{tf)=0, this equation gives |9|j4 
For tf <titd and 1^ — 2, this expression is approximated by 



8/3 / ,, X 2/3 



/ (-) e-^**'rft', (49) 



which, using the formula 



xP~^e-^dx = e-" y , (50) 



can be written as 



Pr ^ - P i <t,t 




1 + 1 r^t + (r^t)2 



(51) 



with p — pf{t/tf)~^'^exp{—r^t) being the energy density of the field which 
performs damped oscillations and decays into 'light' particles. 

The energy density of the 'new radiation' grows relative to the energy 
density of the oscillating field and becomes essentially equal to it at a cosmic 
time td = as one can deduce from (^l|). After this time, the universe 
enters into the radiation dominated era and the normal big bang cosmology 
is recovered. The temperature at td, Tr{td), is historically called the 'reheat' 
temperature although no supercooling and subsequent reheating of the uni- 
verse actually takes place. Using (|l^), we find that 

T.^(^) (^,A..)V^ (52) 

where is the effective number of degrees of freedom. For V{(l)) — X(p'^ , the 
total expansion of the universe during the damped field oscillations is 

a{td) ( td 



a{tf) \tfj 
8 Density Perturbations from Inflation 

We will now sketch how inflation solves the density perturbation problem 



described in Sect. 3.4. As a matter of fact, inflation not only homogenizes 
the universe but also provides us with the primordial density perturbations 
needed for structure formation. To understand the origin of these fluctuations, 
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we will introduce the notion of event horizon. Our event horizon, at a cosmic 
time t, includes all points with which we will eventually communicate sending 
signals at t. The 'instantaneous' (at t) radius of the event horizon is 

f°° dt' 

de{t)^a{t) / — - . (54) 
Jt a[t') 

It is obvious, from this formula, that the event horizon is infinite for 'mat- 
ter' or 'radiation'. For inflation, however, we obtain a slowly varying event 
horizon with de{t) — < oo. Points, in our event horizon at i, with which 
we can communicate sending signals at t, are eventually pulled away by the 
exponential expansion and we cease to be able to communicate with them 
emitting signals at later times. We say that these points (and the correspond- 
ing scales) crossed outside the event horizon. The situation is similar to that 
of a black hole. Indeed, the exponentially expanding (de Sitter) space is like 
a black hole turned inside out. We are inside and the black hole surrounds 
us from all sides. Then, exactly as in a black hole, there are quantum fluc- 
tuations of the 'thermal type' governed by the Hawking temperature p5| , p6[ 
Th = H 1211. It turns out | |47| , p8[ that the quantum fluctuations of all mass- 
less fields (the inflaton is nearly massless due to the flatness of the potential) 
are 5(j) — Th- These fluctuations of <j) lead to energy density perturbations 
5p — V'{(t>)5(t). As the scale of this perturbations crosses outside the event 
horizon, they become |^9| classical metric perturbations. 

The evolution of these fluctuations outside the event horizon is quite sub- 
tle due to the gauge freedom in general relativity. However, there is a simple 
gauge invariant quantity Q k, 6p/{p + p) |]50| , which remains constant outside 
the horizon. Thus, the density perturbation at any present physical ('co- 
moving') scale £, (6p/p)i, when this scale crosses inside the post-inflationary 
particle horizon {p=0 at this instance) can be related to the value of ^ when 
the same scale crossed outside the inflationary event horizon (at £ ~ H^^). 
This latter value of C is found, using (^7|), to be 



Sp\ _ fV'{(f))H{(l>)\ _ f9H^i(t>) 

^2 



(55) 

Taking into account an extra 2/5 factor from the fact that the universe is 
matter dominated when the scale t re-enters the horizon, we obtain 

p), 5 MlV'icj,,) ■ 

The calculation of 0^, the value of the inflaton fleld when the 'comov- 
ing' scale £ crossed outside the event horizon, goes as follows. A 'comoving' 
(present physical) scale £, at T^, was equal to £{a{td) / a{ta)) — £{To/Tr). Its 
magnitude at the end of inflation {t = tf) was equal to £(To /Tr){a{t f) / a{td)) 
= €(ro/r^)(t//id)('^+2)/3'^ = £phys(i/), where the potential F(0) = Xt/)" was 
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assumed. The scale £, when it crossed outside the inflationary horizon, was 
equal to H~^{(f>£). We, thus, obtain 

i/-i(0,)e^(*') = Vys(i/) . (57) 

Solving this equation, one can calculate and, thus, N(<f>i) = Ng, the num- 
ber of e-foldings the scale £ suffered during inflation. In particular, for our 
present horizon scale £ « 2Hq^ '-^ 10^ Mpc, it turns out that Nho ~ 50 — 60. 
Taking the potential y((/)) = X(j)^, (|^) and ^ give 



pJe 5 \MpJ 5 {tt J 



(58) 



From the result of COBE {Sp/p)ho ~ 6 x 10^'°^, one can then deduce that 
A w 6 X 10^^"' for Nho ~ 55. We thus see that the inflaton must be a very 
weakly coupled field. In non-SUSY GUTs, the inflaton is necessarily gauge 
singlet since otherwise radiative corrections will make it strongly coupled. 
This is not so satisfactory since it forces us to introduce an otherwise un- 
motivated very weakly coupled gauge singlet. In SUSY GUTs, however, the 
inflaton could be identified |pT| with a conjugate pair of gauge non-singlet 
fields (j), (j) already present in the theory and causing the gauge symmetry 
breaking. Absence of strong radiative corrections from gauge interactions is 
guaranteed by the mutual cancellation of the D-terms of these fields. 

The spectrum of density perturbations which emerge from inflation can 
also be analyzed. We will again take the potential V{4i) = \(t)^ . One then 
finds that {5p/ p)^ is proportional to which, combined with the fact 

that N{(j>f) is proportional to 0^ (see (|4l|)), gives 



5p\ ( Sp\ f Ni 



(59) 



The scale £ divided by the size of our present horizon (« 10^ Mpc) should 
equal exp{Ni - Nho)- This gives Ni/Nho = 1 + ln{i/10^y/^"o which ex- 
panded around « 10^ Mpc and substituted in (]59|) yields 



Sp\ (5p\ ( £ 



PJe Vp/hoV10*Mpc 



(60) 



with as = {ly + 2) /AN Ho- For v = A, ag 0.03 and, thus, the density 
perturbations are essentially scale independent. 



9 Density Perturbations in 'Matter' 



We will now discuss the evolution of the primordial density perturbations 
after their scale enters the post-inflationary horizon. To this end, we introduce 
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the 'conformal time', 77, so that the Robertson- Walker metric takes the 
form of a conformaUy expanding Minkowski space: 

ds^ = -df + a^{t) df^ = a'^irj) {-drj^ + dr^) , (61) 

where f is a 'comoving' 3-vector. The Hubble parameter now takes the form 
H = a{t)/a{t) — a' [rj) / a? {rj) and the Friedmann equation (^ is rewritten as 

1 fa'V 8ttG 
a'^ \ a J A 

where primes denote derivation with respect to 77. The continuity equation 
(H) takes the form p' — —3H{p + p) with H — a' /a. For 'matter', p (x 
which gives a = (ri/rjo)'^ and a' /a ~ 2/ry (770 is the present value of 77). 
The Newtonian equation ( p3| ) can now be written in the form 

SUv) + ^Siirj)-4nGpa%irj) = 0, (63) 
and the growing (Jeans unstable) mode ^^(77) cx 77^ and is expressed |Q as 

fc77^ ^ 



where s{k) is a Gaussian random variable satisfying 

<sCk)>^0, < s{k)s{k') >^ ^S{k - k') , (65) 

and ch is the amplitude of the perturbation when its scale crosses inside the 
post-inflationary horizon. The latter can be seen as follows. A 'comoving' 
(present physical) length £ crosses inside the post-inflationary horizon when 
a£/2TT = H-^ = a^/a' which gives £/27r = fc^^ = a/a' = 77^/2 or ^77^/2 = 1, 
where rin is the 'conformal time' at horizon crossing. This means that, at 
horizon crossing, df.{r]H) — eHs{k). For scale invariant perturbations, the 
amplitude en is constant. The gauge invariant perturbations of the scalar 
gravitational potential are given |Q by the Poisson's equation 

'l' = -4^G^pS-,i7j) . (66) 
From the Friedmann equation (p2|), we then obtain 

<l> = -^eHm- (67) 

The spectrum of the density perturbations can be characterized by the 
correlation function (x is a 'comoving' 3-vector) 

^{f)=<6*{x,ri)S{x + f,r])> , (68) 
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where 

~Six,r,)= fd^kS-,iv)e^'^. (69) 



Substituting ( |64D in (|68| ) and then using (|65[), we obtain 



4 



fcry\ 1 

fc3 ' 



C(f) = / d^fce-'^^-el, ( ^ ) , (70) 



and the spectral function P(fc,ry) = ejj{i]^ /16)k is proportional to fc for e// 
constant. We say that, in this case, the spectral index n = 1 and we have 
a Harrison-Zeldovich |Q flat spectrum. In the general case, P cx fc" with 
n = 1 - 2a, (see (|^)). For 1/(0) = Xfj)'^, we get n « 0.94. 

10 Temperature Fluctuations 

The density inhomogencities produce temperature fluctuations in the CMBR. 
For angles 9 Z 2°, the dominant effect is the scalar Sachs- Wolfe |Q effect. 
Density perturbations on the 'last scattering surface' cause scalar gravita- 
tional potential fluctuations, which then produce temperature fluctuations 
in the CMBR. The reason is that regions with a deep gravitational potential 
will cause the photons to lose energy as they climb up the well and, thus, 
appear cooler. For 9 < 2°, the dominant effects are: i) Motion of the 'last 
scattering surface' causing Doppler shifts, and ii) Intrinsic fluctuations of the 
photon temperature which are more difficult to calculate since they depend 
on microphysics, the ionization history, photon streaming and other effects. 

The temperature fluctuations at an angle 9 due to the scalar Sachs- 
Wolfe effect turn out || to be {dT/T)g = -<Pi/3, with i being the 'co- 
moving' scale on the 'last scattering surface' which subtends the angle 9 
[ I K, 100 /i^^((?/degrees) Mpc ] and the corresponding scalar gravitational 
potential fluctuations. From (|67|), we then obtain {5T/T)g = {en /2)s(k), 
which using (|6j) gives the relation 

= = i f^l ■ (H) 



T Jg 2 ' ' 2 V P 



The COBE scale (present horizon) corresponds to 9 ~ 60°. Equations (p|), 
(II) and (0) give 

— cx — cx — 5 — - N c . 72) 

Analyzing the temperature fluctuations in spherical harmonics, one can ob- 
tain the quadrupole anisotropy due to the scalar Sachs- Wolfe effect: 

<5r^ _ ^327rV/^ V^/HM ^^g^ 



tJq_s V45; M^F'(0,) 
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For V{4i) — Xcjf , this becomes 



5T\ _ /327rY 



V 45 / 



32^x 1/2^ 
45 j vMl V 47r 



(74) 

Comparing this with the COBE ||| resuh, {ST/T)q « 6.6 x 10"^ we obtain 
A « 6 X 10^^"' for = 4 and number of e- foldings suffered by our present 



Nc 



55. 



horizon scale during the inflationary phase N^^ 

There are also 'tensor' fluctuations in the temperature of the CMBR. 
The 'tensor' quadrupole anisotropy is 



5T 



0.77 



3-T 



Ml 



(75) 



The total quadrupole anisotropy is given by 



5T\ 



5T 



and the ratio 



{ST/T) 



Q-T 



{ST/T) 



Q-S 



0.27 



ST 



-I 1/2 



Q-T 



Q-S 



f MpV'{4,i) 



(76) 



(77) 



For ¥{(/)) = Xcj)'^ , we obtain r « 3.4 v/Nh ^ 1, and the 'tensor' contribution 
to the temperature fluctuations of the CMBR is negligible. 



11 Hybrid Inflation 

11.1 The non-Supersymmetric Version 

The basic disadvantage of inflationary scenarios such as the 'new' ||3^ or 
'chaotic' ones is that they require tiny coupling constants in order to 
reproduce the results of COBE This has led Linde ||T^ to propose, in the 
context of non-SUSY GUTs, the hybrid inflationary scenario. The idea was 
to use two real scalar fields x and a instead of one that was normally used. 
X provides the 'vacuum' energy density which drives inflation, while a is the 
slowly varying field during inflation. This splitting of roles between two fields 
allows us to reproduce the COBE results with 'natural' (not too small) values 
of the relevant parameters in contrast to previous realizations of inflation. 
The scalar potential utilized by Linde is 

nx,.) = ^^(M^-^)%^ + ^, (78) 
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where k, A are dimensionless positive coupling constants and M, m are mass 
parameters. The vacua he at (x) = ±2M, (cr) = 0. Putting m—Q, we see 
that V possesses a flat direction at x = with V{x = 0, cr) — k^M^. The 
mass^ of X along this direction is — —k^A'P + So, for x =^ 

and > (Tc — \/2kM/A, we obtain a flat valley of minima. Reintroducing 
m ^ 0, this valley acquires a non-zero slope and the system can inflate as 
it rolls down this valley. This scenario is called hybrid since the 'vacuum' 
energy density (« k?M'^) is provided by x^ while the slowly rolling field is a. 

The e and ry criteria (see (|3^)) imply that, for the relevant values of param- 
eters (see below), inflation continues until a reaches ctc, where it terminates 
abruptly. It is followed by a 'waterfall', i.e., a sudden entrance into an oscil- 
latory phase about a global minimum. Since the system can fall into either of 
the two minima with equal probability, topological defects (monopoles, cos- 
mic strings or domain walls) are copiously produced if they are predicted 
by the particular particle physics model employed. So, if the underlying GUT 
gauge symmetry breaking (by (x) ) leads to the existence of monopoles or do- 
main walls, we encounter a cosmological catastrophe. 

The onset of hybrid inflation requires that, at t ^ H^^ , H being the 
inflationary Hubble parameter, a region exists with size Z , where x and 
(7 are almost uniform with negligible kinetic energies and values close to the 
bottom of the valley of minima. Such a region, at ip, would have been much 
larger than the Planck length ip and it is, thus, difficult to imagine how it 
could be so homogeneous. Moreover, as it has been argued the initial 
values (at tp) of the fields in this region must be strongly restricted in order to 
obtain adequate inflation. Several possible solutions to this problem of initial 
conditions for hybrid inflation have been proposed (see e.g., | |5^ , |59| , |60[ ) . 

The quadrupole anisotropy of the CMBR produced during hybrid inflation 
can be estimated, using ([73[), to be 

5T\ /IGttX^Ak^MS ^^g^ 



T ) V 45 y Mlm? 



The COBE § result, {5T/T)q « 6.6 x 10"^ can then be reproduced with 
M « 2.86 X IQis GeV, the SUSY GUT vev, and m « 1.3 ny/X x lO^^ GeV. 
Note that m - lO^^ Qgy for k, A - 10"^ 



11.2 The Supersymmetric Version 

Hybrid inflation is 'tailor made' for globally SUSY GUTs except that an 
intermediate scale mass for a cannot be obtained. Actually, all scalars acquire 
masses ~ ^ 1 TeV (the gravitino mass) from soft SUSY breaking. 
Let us consider the renormalizable superpotential 



W = kS{-M^ -I- #) , 



(80) 
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where </>, is a pair of Gs singlet left handed superfields belonging to non- 
trivial conjugate representations of the GUT gauge group G and reducing 
its rank by their vevs, and 5' is a gauge singlet left handed superfield. The 
parameters k and M (~ 10^^ GeV) are made positive by field redefinitions. 
The vanishing of the F-term Fs gives {4>){4>) = M"^, and the D-terms vanish 
for 1(0)1 = |(0)|. So, the SUSY vacua lie at (<^)* = (0) = ±M and (S) = 
(from = = 0). We see that W leads to the spontaneous breaking of G. 
W also gives rise to hybrid inflation. The potential derived from it is 

V{^, (I), S) = K^IM^ - + K^IS-pd^p + |^|2) + D _ terms . (81) 

D-flatness implies 0* = e*^0. We take 6* = 0, so that the SUSY vacua are 
contained. W has a C/(1)_r R-symmetry: 00 00, S e'°'S, W e'°'W. 
Actually, W is the most general renormalizable superpotential allowed by G 
and U (1)_R. Bringing 0, 0, S on the real axis by G and U{l)ii transformations, 
we write = = x/2,5 = (t/ \/2 where x, a are normalized real scalar fields. 
V then takes the form in ( |78| ) with k = A and m ~ 0. So, Linde's potential is 
almost obtainable from SUSY GUTs but without the mass term of a which 
is, however, crucial for driving the inflaton towards the vacua. 

One way to generate a slope along the inflationary valley (0 = = 0, 



|5| > Sc = M) is 1 12 to include the one-loop radiative corrections. In fact, 
SUSY breaking by the 'vacuum' energy density K^iW* along this valley causes 
a mass splitting in the supermultiplets 0, 0. We obtain a Dirac fermion with 
mass^ = '^^I'S'P and two complex scalars with mass^ — K^jS'p ± k^M"^ . This 
leads to the existence of one-loop radiative corrections to V on the inflationary 
valley which are found from the Coleman- Weinberg formula | |6l[ : 

1 M2 

i 

where the sum extends over all helicity states i, with fermion number Fi and 
mass^ = Mf , and yl is a renormalization scale. We find that Z\t/(|S'|) is 



327r- 



[2 In + {z + If ln(l + z-i) + {z- If ln(l - z'^)^ , 



(83) 

where z = = \S\'^ /M"^ and N is the dimensionality of the representations 
to which 0, belong. For z ^ 1 {\S\ 3> Sc), the effective potential on the 
inflationary valley can be expanded as p^,p2| 



^effd^l) = n^M' 



k'N ( k'\SY 3 1 



1 + TT-^ In 



167r2 V 2 12z2 



(84) 



The slope on this valley from these radiative corrections is yl-independent. 
From (^l|), (73) and (p3|), we find the quadrupole anisotropy of the CMBR: 
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with 

A{z) = {z + l) ln(l + z-i) + (z - 1) ln(l - z'^) , (86) 

^A{z)-\ yQ>0 . (87) 
1 ^ 

Here, Nq is the number of e-foldings suffered by our present horizon scale 
during inflation, and xq — \Sq\/M, with Sq being the value of S when our 
present horizon scale crossed outside the inflationary horizon. For \Sq \ » Sc, 
yQ = XQ{l- 7/i2x| H ). Finally, from (|3|), one finds 

Stt^ M 

VQ TT- ■ (88) 



^AnVg Mp 



The slow roll conditions (see (p9D) for SUSY hybrid inflation are e, j??! < f, 
where 



^ > -—A{x^f, (89) 



i67r2M 



= (^) ' ^ ((3z + 1) ln(i + z-i) + (3z - 1) ln(l - z-^)) 



(90) 



Note that r\ ~oo as x 1+. However, for most relevant values of the 
parameters (k ^ 1), the slow roll conditions are violated only 'infinitesi- 
mally' close to the critical point at a; = 1 {\S\ = Sc)- So, inflation continues 
practically until this point is reaches, where the 'waterfall' occurs. 

From the COBE § resuh, {ST/T)q « 6.6 x fQ-^, and ehminating xq be- 
tween dssl ) and (|8^), we obtain M as a function of k. For xq — > oo, j/q — s- xq 
and XQyQA{xQ) — s- i~. Thus, the maximal M is achieved in this limit and 
equals about lO^^ GeV (for iV = 8, TVq « 55). This value of M, although 
somewhat smaller than the SUSY GUT scale, is quite close to it. As a numeri- 
cal example, take k = 4x 10"^ which gives M « 9.57 x 10^^ GeV, xq w 2.633, 
yq « 2.42. The slow roll conditions are violated at a; — 1 « 7.23 x 10~^, where 
r] — —I {e ^ 8A7 x iO^^ a.t x — 1). The spectral index of density perturba- 
tions n = 1 — 6e + 2T] Q is about 0.985. 

SUSY hybrid inflation is considered 'natural' for the following reasons: 

i. There is no need of tiny coupling constants (k ^ iO^'^). 

ii. W in (|o|) has the most general renormalizable form allowed by G and 
U{l)fi. The coexistence of the S and Scfxf) terms in W implies that the 
combination (fxf) is 'neutral' under all symmetries of W and, thus, all the 
non-rcnormalizable terms of the form S{(f>4>)", n > 2, are also allowed 
p5| . The leading term of this type S^cfxj))'^, if its dimensionless coefficient 
is of order unity, can be comparable to Scfxj) (recall that k ~ i0~'^) and, 
thus, play a role in inflation (see Sect.[T^). All higher order terms of this 
type with n > 3 give negligible contributions to the inflationary potential. 
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Note that U{1)r guarantees the hnearity of in S* to all orders excluding 
terms such as which could generate an inflaton mass > H and ruin 
inflation by violating the slow roll conditions. 

iii. SUSY guarantees that the radiative corrections do not invalidate 
inflation, but rather provide a slope along the inflationary trajectory, 
needed for driving the inflaton towards the SUSY vacua. 

iv. Supergravity (SUGRA) corrections can be brought under control leaving 



inflation intact. The scalar potential in SUGRA is given |64 by 

|2' 



, K 

V — exp ( — 2" 



K-^).^ F'Fi -3 



_ m 

mi. 



(91) 



where K is the Kahler potential, mp = Mp/y/Sn sa 2.44 x 10^^ GeV is the 
'reduced' Planck scale, = + K^W/m^, and upper (lower) indices 
denote derivation with respect to the scalar field (</'-'*). K is expanded 
a.s K = |S'p + |0p + |(?!)p+a|5'|''/mp + - • •, where the quadratic terms con- 
stitute the 'minimal' Kahler potential. The term \S\'^, whose coefficient 
is normalized to unity, could generate a mass^ ~ n^M'^/m'j^ ^ for S 
on the inflationary path from the expansion of the exponential prefactor 
in (|9^). This would ruin inflation. Fortunately, with this form of W (in- 
cluding all the higher order terms), this mass^ is cancelled in V pT| , |65t . 
The linearity of W in 5, guaranteed to all orders by U{l)ii, is crucial for 
this cancellation. The \S\'^ term in K also generates a mass^ for S via the 
factor {d^K/dSdS*)-^ = 1 - Aa\S\^/ml + • • • in (|9l|), which is however 
not cancelled (see e.g ., |66| ). In order to avoid ruining inflation, one has 
then to assume ||59| , |62| that |a| ;S 10~^. All other higher order terms in K 
give suppressed contributions on the inflationary path (since \S\ <C mp). 
So, we see that a mild tuning of just one parameter is adequate for con- 
trolling SUGRA corrections. (In other models, tuning of infinitely many 
parameters is required.) Moreover, note that with special forms of K one 
can solve this problem even without a mild tuning. An example is given 
in , where the dangerous mass^ could be cancelled in the presence of 
fields without superpotential but with large vevs generated via D-terms. 
These properties practically persist even in the extensions of the model 
we will consider in Sect.p^ 

In summary, for all these reasons, we consider SUSY hybrid infiation (with 
its extensions) as an extremely 'natural' infiationary scenario. 



12 Extensions of Supersymmetric Hybrid Inflation 

In trying to apply (SUSY) hybrid inflation to higher GUT gauge groups 
which predict the existence of monopoles, we encounter the following prob- 
lem. Infiation is terminated abruptly as the system reaches the critical point 
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on the inflationary path and is foUowcd by the 'waterfall' regime during which 
the scalar fields 0, (p develop their vevs starting from zero and the sponta- 
neous breaking of the GUT gauge symmetry takes place. The fields 0, </> can 
end up at any point of the vacuum manifold with equal probability and, thus, 
monopoles are copiously produced [0| via the Kibble mechanism Jl^ leading 
to a cosmological disaster (see e.g., ]67||). 

One of the simplest GUTs predicting monopoles is the Pati-Salam (PS) 



model 168| with gauge group Gps = SU{A)c x SU{2)l x SU{2)r. These 
monopoles carry two units of 'Dirac' magnetic charge |69|. We will present 
solutions of the monopole problem of hybrid inflation within the SUSY 

PS model, although our mechanisms can be extended to other semi-simple 
gauge groups such as the 'trinification' group SU (3)c x SU{2>)l x S'?7(3)ij, 
which emerges from string theory and predicts |^,^ monopoles with triple 
'Dirac' charge, and possibly to simple gauge groups such as 50(10). 



12.1 Shifted Hybrid Inflation 

One idea |l5[| for solving the magnetic monopole problem is to include into 
the standard superpotential for hybrid inflation (shown in (pO|)) the leading 



non-renormalizable term, which, as explained in Sect. 11.2, cannot be ex- 
cluded by any symmetries. If its dimensionless coefficient is of order unity, 
this term can compete with the trilinear coupling of the standard superpo- 
tential (whose coefficient is ~ 10^^). The coexistence of these terms reveals a 
completely new picture. In particular, there appears a non-trivial (classically) 
flat direction along which Gps is spontaneously broken with the appropriate 
Higgs fields acquiring constant values. This 'shifted' flat direction can be used 
as inflationary trajectory with the necessary slope obtained again from one- 
loop radiative corrections Jl2| . The termination of inflation is again abrupt 
followed by a 'waterfall' but no monopoles are formed in this transition since 
Gps is already spontaneously broken during inflation. 

The spontaneous breaking of the gauge group Gps to Gs is achieved via 
the vevs of a conjugate pair of Higgs superflelds 



H" = (4,1,2) 



Uh Ujj Ufj 

rjC flC JC pC 
Ujj ajj Ujj t.jj 



in the Pj^, vj^ directions. The relevant part of the superpotential, which in- 
cludes the leading non-renormalizable term, is 

SW ^ kS{-M^ + H^H^) - P ^^^^'^^ , (93) 

where Ms « 5 x 10^^ GeV is the string scale and (3 is taken positive for 
simplicity. D-flatness implies that H'^ * = e^^H'^. We restrict ourselves to the 
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direction with 6 = (iJ*^ * = H'^) containing the 'shifted' inflationary path 
(see below). The scalar potential derived from 6W then takes the form 



V = 



2k^\S\^\H' 



(94) 



Defining the dimensionless variables w = \S\/M, y = |i/^|/M, we obtain 

V = ^ = (y' - 1 - + 2w'y^a - 2^yY, (95) 

where ^ = PM"^ / kM^. This potential is a simple extension of the standard 
potential for SUSY hybrid inflation (which corresponds to ^ = 0) and ap- 
pears in a wide class of models incorporating the leading non-renormalizable 
correction to the standard hybrid inflationary superpotential. 
For constant w (or \S\), V in ( p5| ) has extrema at 

yi = 0, 2/2 = 2/3± = v^(l - 6^w^) ± V(l - 6C^i;2)2 - 4^(1 - u;2). 

(96) 

Note that the first two extrema (at yi, 1/2) are ISI-independent and, thus, 
correspond to classically flat directions, the trivial one at yi = with Vi = 1, 
and the 'shifted' one at y2 = l/^/2^ = constant with V2 = (1/4^— 1)^, which 
we will use as inflationary path. The trivial trajectory is a valley of minima 
for w > 1, while the 'shifted' one for w > wq = (1/8^ — 1/2)^/^, which is 
its critical point. We take ^ < 1/4, so that wo > and the 'shifted' path 
is destabilized (in the chosen direction H'^ * = H'^) before w reaches zero. 
The extrema at y3±, which are |S'|-dependent and non-flat, do not exist for 
all values of w and ^, since the expressions under the square roots in ( p6| ) 
are not always non-negative. These two extrema, at w = 0, become SUSY 
vacua. The relevant SUSY vacuum (see below) corresponds to y3-{w = 0) 
and, thus, the common vev vq of H'^, H'^ is given by 

(ii)^la-^,. (97) 

We will now discuss the structure of V and the inflationary history for 
1/6 < ^ < 1/4. For fixed w > 1, there exist two local minima at yi = and 
2/2 = l/v^i which has lower potential energy density, and a local maximum 
at 2/3+ between the minima. As w becomes smaller than unity, the extremum 
at 2/1 turns into a local maximum, while the extremum at yz+ disappears. The 
system then falls into the 'shifted' path in case it had started at 2/1 = 0. As 
we further decrease w below (2 — -v/36^ — 5)"^/^/3\/2f , a pair of new extrema, 
a local minimum at 2/3- and a local maximum at 2/3-1- j are created between 
2/1 and 2/2- As w crosses (1/8^ — 1/2)^/^, the local maximum at 2/3-1- crosses 
2/2 becoming a local minimum. At the same time, the local minimum at 2/2 
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turns into a local maximum and inflation ends with the system falling into 
the local minimum at ys- which, at w = 0, becomes the SUSY vacuum. 

We see that, no matter where the system starts from, it passes from the 
'shifted' path, where the relevant part of inflation takes place. So, Gps is 
broken during inflation and no monopoles are produced at the 'waterfall'. 

After inflation, the system could fall into the minimum at J/3+ instead of 
the one at ?/3_. This, however, does not happen since in the last e- folding or 
so the barrier between the minima at ys- and j/2 is considerably reduced and 
the decay of the 'false vacuum' at 2/2 to the minimum at y^- is completed 
within a fraction of an e- folding before the 2/3+ minimum even appears. This 
transition is further accelerated by the inflationary density perturbations. 

The mass spectrum on the 'shifted' path can be evaluated We find 
that the only mass splitting in supermultiplets occurs in the Pj^, vjj sector. 
Namely, we obtain one Majorana fermion with mass^ equal to 4k^|S'P, which 
corresponds to the direction (Pj^ + i>jf)/^/2, and two normalized real scalars 
Re{SD% + dvjj) and lm{SPji + Sv^) with m\ = 4:K^\S\^ =f iK^m:^- Here, 
m = M(l/4^- 1)1/2 6Pjj_^ vjj-v, 5v% = i/^-w with v = (kM|/2/3)1/2 
being the common value of H'^, H'^ on the trajectory. 

The radiative corrections on the 'shifted' path can then be constructed 
using (p2|) and (6T/T)q and k can be evaluated. We find the same expressions 



as in (|85I) and (|88|) with iV = 2 (A^ = 4) in the formula for {ST/T)q (k) and M 
generally replaced by m. The COBE |^ result can be reproduced, for instance, 
with K w 4 X 10~^, which corresponds to ^ = 1/5, vq ~ 1.7 x 10^^ GeV (we 
put Nq « 55, /3 = 1). The scales M w 1.45 x lO^^ GeV, m « 7.23 x lO^^ GeV, 
the mass of the inflaton minfl ~ 4.1 x lO^'^ GeV and the 'inflationary scale', 
which characterizes the inflationary 'vacuum' energy density, Wind = k^/^to w 
4.57 X 10^'' GeV. The spectral index n = 0.954. 

12.2 Smooth Hybrid Inflation 

An alternative solution to the monopole problem of hybrid inflation has been 



proposed [iS) some years ago. We will present it here within the SUSY PS 



model of Sect . [12.11 , although it can be applied to other semi-simple (and 
possibly some simple) gauge groups too. The idea is to impose an extra Z2 
symmetry under which H'^ — s- —H'^. The whole structure of the model remains 
unchanged except that now only even powers of the combination H'^H'^ are 
allowed in the superpotential terms. 

The inflationary superpotential in ( p3|) becomes 

where we absorbed the dimensionless parameters k, (3 in fi, Mg. The resulting 
scalar potential V is then given by 

V ^-^^{l-t f + lQdr^x\ (99) 
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where we used the dmiensionless fields x — x/2(m-^s)^^^: ^ = ^ l'^{i^^sY^'^ 
with X, a being normalized real scalar fields defined by v'^^i ^ ^ x/2, 
iS* — a 1^/2 after rotating Djj, vfj, S to the real axis. 

The emerging picture is completely different. The flat direction at x = 
is now a local maximum with respect to x for values of a, and two new 
symmetric valleys of minima appear 1 13,19] at 



X ■ 



±V6a 



1 



1 



36ct 



;^•4 



1 



(100) 



They contain the SUSY vacua which lie at x = ilj = 0. These valleys 
are not classically flat. In fact, they possess a slope already at the classical 
level, which can drive the inflaton towards the vacua. Thus, there is no need 
of radiative corrections in this case. The potential on these paths is |l3,ff6| 



;i4 



V = 48ct 



= 1 - 



725- 



1 




1 



1 



for (T > 1 



(101) 



2160-4 

The system follows, from the beginning, a particular inflationary path and, 
thus, ends up at a particular point of the vacuum manifold leading to no 
production of disastrous monopoles. 

The end of inflation is not abrupt in this case since the inflationary path 
is stable with respect to x for all a's. The value ctq of a at which inflation is 
terminated smoothly is found from the e and 77 criteria, and the derivatives 
[EbI of the potential on the inflationary path: 



dV_ 
da 




(102) 



(103) 



The quantities {ST/T)q and Nq can be found using ( |102| ). One important 
advantage of this scenario is that the common vev of H'^, H'^, which is equal 
to vq = {fiMsY^^ , is not so rigidly constrained and, thus, can be chosen equal 
to the SUSY GUT scale {vo « 2.86 x lO^*' GeV). From COBE § and for 
Nq w 57, we then obtain Ms ~ 4.39 x lO" GeV and ^ « 1.86 x lO^^ GeV, 
which are quite 'natural'. The value of a at which inflation ends corresponds 
to 77 = —1 and is cto ~ 1.34 x 10^^ GeV. The value of a at which our present 
horizon crosses outside the inflationary horizon is ctq w 2.71 x 10^^ GeV. The 
inflaton mass is minfl = 2V2ii^/vo « 3.42 x IQi-* GeV. 
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13 'Reheating' and the Gravitino Constraint 

A complete inflationary scenario should be followed by a successful 'reheating' 
which satisfies the gravitino constraint [0 and generates the observed BAU. 
We will discuss 'reheating' within a SUSY GUT leading to standard hybrid 
inflation. We consider a moderate extension of the minimal supersymmetric 
standard model (MSSM) based on the left-right symmetric gauge group 

Glr. = 5C/(3)e X SU{2)l x SU{2)r x U{1)b-l (104) 



(see |62y7l| , |72[ ). The breaking of Glr to Gs is achieved via a conjugate pair 
of SU{2)ii doublets l'^ with B ~ L (baryon minus lepton number) equal 
to -1, 1, which acquire vevs along their right handed neutrino directions D'jj, 



v'jj corresponding to ^, (j) in Sect. 11. 2, The relevant superpotential is 



W = nSi-M"^ + rr), (105) 

where k, M are made positive by field redefinitions. This superpotential leads 
to hybrid inflation exactly as W in (pO|). {6T/T)q and k are given by ( p5| ) 
and ( |88| ) with N = 2 since l^, l'^ have two components each. 

Glr. implies the presence of right handed neutrino superfields vf (with 
i = 1,2,3), which form SU{2)r doublets ^ = (vf.ef) with the SU{2)l 
singlet charged antileptons e^. Intermediate scale ly'^ masses are generated via 
the superpotential terms "/il'^l'^L^L^/mp (in a basis with diagonal and positive 
7's). These masses are Mi = 2'jiM'^/mp {{l"), {l") > by a i? - L rotation). 
Light neutrinos acquire hierarchical seesaw masses and, thus, cannot play 
the role of hot dark matter (HDM) in the universe. (This requires degenerate 
neutrino masses which can be obtained [[72|j7^ via SU (2) l triplets @ .) They 
are suitable for a universe with non-zero cosmological constant favored by 
recent observations H^. In this case, HDM is not necessary [^Q. The terms 
generating the v'^ masses also cause the decay of the inflaton (see Sect.p^. 

After the end of inflation, the system falls towards the SUSY vacuum 
and performs damped oscillations about it. The inflaton (oscillating system) 
consists of the two complex scalar fields 6 = {Svjj -\- Sv'^) / y/2 {SPjj = Djf — M, 
Svjj = vfj — M) and 5, with equal mass minfl = V2kM . 

The oscillating fields 9 and S decay into a pair of right handed neutri- 
nos {ipu'r) and sneutrinos (vf ) respectively via the superpotential couphngs 
I'^l'^L'^L'^ and STF. The relevant Lagrangian terms are: 

Ll = -727,— 0^,cV;,e + h.c. , (106) 
mp 

^Icay = -V27z 5*I^fl^>infl + h.C. , (107) 

^ mp 
and the common, as it turns out, decay width is given by 
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provided that the relevant v'^ mass Mi < TOi„fi/2. 

To minimize the number of small coupling constants, we assume that 

1 2Af^ 

M2 < -mi„fl < M3 = (with 73 = 1) , (109) 

2 mp 

so that the inflaton decays into the second heaviest right handed neutrino 



superfield v!^ with mass M2. The second inequality in (109) implies that 



Uq < -v/STVq/tt w 3.34 for Nq « 55. This gives xq ;S 3.5. As an example, 
choose XQ « 1.05 (bigger values cannot give adequate BAU) which yields 
yq « 0.28. From the COBE ||| result, we then obtain M « 4.06 x 10^^ GeV, 
K « 4 X IQ-^, minfl ~ 2.3 x lO^^ GeV and M3 « 1.35 x lO^^ GeV. 
The 'reheat' temperature T^, for the MSSM spectrum, is given by 

Tr^^{rMp)K (110) 

and must satisfy the gravitino constraint ||l^, 5; 10^ GeV, for gravity- 
mediated SUSY breaking with universal boundary conditions. To maximize 
the 'naturalness' of the model, we take the maximal M2 (and, thus, 72) 
allowed by this constraint. This is M2 w 2.7 x 10^" GeV (72 w 2 x 10"^). 



Note that, with this M2, the first inequality in (109) is well satisfied 



14 Baryogenesis via Leptogenesis 



14.1 Primordial Leptogenesis 

In hybrid inflationary models, it is generally not so convenient to generate 
the observed BAU in the usual way, i.e., through the decay of superheavy 
color (anti)triplets. Some of the reasons are: 



i. B is practically conserved in most models of this type. In some cases 




this is due to a discrete 'baryon parity' symmetry. In the left-right model 
under consideration, B is exactly conserved because of a U{1)r. 

ii. The gravitino constraint would require that the mass of the (anti)triplets 
does not exceed 10^° GeV. This suggests strong deviations from the 
MSSM gauge coupling unification and possibly proton instability. 

It is generally preferable to produce an initial lepton asymmetr y jl^ which 
is then partly turned into baryon asymmetry by sphalerons ||,|iPln the 
left-right model we consider and in many other models, this is the only way for 
obtaining the BAU since the inflaton decays into right handed neutrino super- 
fields. Their subsequent decay to lepton (antilepton) L (L) and electroweak 
Higgs superfields can only produce a lepton asymmetry. It is important to en- 
sure that this asymmetry is not erased JtS] by lepton number violating 2^2 
scattering processes such as LL h^'^^ *h'-^^ * or L/i^^) Lh^^^ * at all T's 
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between Tr and 100 GeV (/i^^^ is the Higgs SU{2)l doublet which couples to 
up type quarks). This is satisfied since the lepton asymmetry is protected [ [79[ 
by SUSY at T's between Tr and T ~ 10^ GeV and, for T < 10^ GeV, these 
scattering processes are well out of equilibrium provided Q m^^ < 10 eV. 
For MSSM spectrum, the observed BAU hb / s is related to the primordial 
lepton asymmetry tll/s by ub/s = (— 28/79)nL/s (see Sect. 14. 2| ). 



The lepton asymmetry is generated via the decay of the superfield 
produced by the inflaton decay, to electroweak Higgs and (anti)lepton super- 
fields. The relevant one-loop diagrams are both of the vertex and self-energy 



type |§0[ with an exchange of fg. The resulting lepton asymmetry is [81 



00 ^T^r M2 c^s^ sin 2(5(mf ^ - mf 
" ~ ■ 167rmi„fl M3 (mf 2 s2+mf 2 c2) ' ^ > 



s 



where w 174 GeV (for large tan/3), m^3 are the 'Dirac' masses of the 

neutrinos (in a basis where they are diagonal and positive), and c — cos 9, 
s = sinO, with 9 and 6 being the rotation angle and phase which diagonalize 
the Majorana mass matrix of the i/'^'s. Equation ( |l 1 1| ) holds |^ provided that 
M2 < M3 and the decay width of f 3 is < (M| - M|) /M2 , which are satisfied 
in our model. Here, we considered only the two heaviest families {i = 2,3) 
ignoring the first one since the analysis |83| of the CHOOZ experiment 
has shown that the solar and atmospheric neutrino oscillations decouple. 
The light neutrino mass matrix is given by the seesaw formula: 

m^, w -TO^— TO^, (112) 
M 

where is the 'Dirac' neutrino mass matrix and M the Majorana i^'^ mass 
matrix. The determinant and the trace invariance of the light neutrino mass 
matrix imply |^l| two constraints on the (asymptotic) parameters: 



-,D 2 „2 I 2 „2\ 



,£> 2 „2 I 2 „2\^ n/D2 ^D2\2„2^2 



^ ^ ' — , (114) 



M3 2 M2M3 

where = "rriy^ and mj, = vriy^ are the (positive) eigenvalues of niy 
The jJ, — T mixing angle ^23 = ^/jt lies |^ in the range 



<9^r<V + 9'^, ^0^(^ + 9° < tt/2 , (115) 



where (p is the rotation angle which diagonalizes the light neutrino mass 
matrix in the basis where the 'Dirac' mass matrix is diagonal and 9^ is the 
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'Dirac' mixing angle, i.e., the 'unphysical' mixing angle with zero Majorana 
masses of the right handed neutrinos. 

We take « 2.6 x 10~^ eV and m,^^ « 7 x 10^^ eV which are the 
central values from the small angle MSW resolution of the solar neutrino 
problem and SuperKamiokande |Q. We choose S « —ir/A to maximize 
—til/s. Finally, we assume that 6^ « 0, so that maximal i'^ — Vt mixing, 
which is f avore d by Supe rKamiokande corresponds to (p ^ 7r/4. 

From (|ll3| ) and (114) and the diagonalization of m,y, we determine the 
value of corresponding to <p « 7r/4 for any given k. A solution for mf^ 
exists provided that M2 O.O37M3. For the numerical example in Sect.|l^, we 
find mf « 8.3 GeV, mf « 0.98 GeV and ul/s « -2.23 x 10'^°, which satis- 
fies the baryogenesis constraint. Thus, with 'natural' values of k (« 4 x 10^'') 
and the other relevant parameters (72 ~ 2 x 10^"^, 73 « 1), we were able not 
only to reproduce COBE ^ but also to have a successful 'reheating' satisfy- 
ing the gravitino and baryogenesis constraints together with the requirements 
from solar and atmospheric neutrino oscillations. Similar results hold ||l5| , p^ 
for the shifted and smooth hybrid inflationary models of Sect.n2. 



14.2 Sphaleron EfTects 

To see how the lepton asymmetry partly turns into baryon asymmetry, we 
must first discuss the non-perturbative baryon and lepton number viola- 
tion [ p7[ in the standard model. Consider the electroweak gauge symmetry 
SU{2)l X U{1)y in the limit where the Weinberg angle 6\y = and con- 
centrate on SU{2)l {Ow 7^ does not alter the conclusions). Also, for the 
moment, ignore the fermions and Higgs fields so as to have a pure SU{2)l 
gauge theory. This theory has | ]88[ | infinitely many classical vacua which are 
topologically distinct and are characterized by a 'winding number' n ^ Z .In 
the 'temporal gauge' [Aq — 0), the remaining gauge freedom consists of time 
independent transformations and the vacuum is a pure gauge 

A, = -a,g(x)g-i(S), z = l,2,3. (116) 
9 

Here g is the SU{2)l gauge coupling constant, x €3-space, g{x) € SU{2)l, 
and g{x) ^ 1 as \ X 00. Thus, the 3-space compactifies to a sphere 
and g{x) gives a map: SU{2)l {SU{2)l is topologically equivalent to 

5*^). These maps are classified into homotopy classes constituting the third 
homotopy group of , 7r3(5''^), and are characterized by a 'winding number' 

Jd^x e'J'^ tr {d,g{x)g"Hx)djg{x)g-\x)dk9{x)g-H^)) ■ (117) 

The corresponding vacua are denoted as | n), n G Z. 

The tunneling amplitude from the vacuum | n_) aXt — —00 to the vacuum 
I n+) a,t t = +00 is given by the functional integral 

(n+ I n_) = / {dA) e-^(^) (118) 
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over all gauge field configurations satisfying the appropriate boundary con- 
ditions at i = ±00. Performing a Wick rotation, xq = t ^ —ix^, we go to 
Euclidean space-time. Any Euclidean field configuration with finite action is 
characterized by an integer known as the Pontryagin number 



IGtt 



J d^x tr (f^'^F^.) , (119) 



where fi,^ =1,2, 3, 4 and F^i^ = \e^j,v\pF^'' is the dual field strength. It is known 
that tr{F'^'^ Ffj_^) = 9''Jp, where is the 'Chern-Simons current' given by 

= [a'^F^P - ^gA-'A^Af^ . (120) 

In the 'temporal gauge' {Aq = 0), 



,.2 r „2 

q 



-f^ / d^x d^J^ = A I d^xJo 

IDTT^ J IdTT^ X4=±oo ^ 



1 



247r2 xi=±oo 



d^x e'^'= tr {d,gg~'djgg-'dkgg~') =n+~n^. (121) 



Thus, the Euclidean field configurations which interpolate between the vacua 
I 7i+), I at X4 = ibcxD have Pontryagin number q = rt+ — ri_ and the path 



integral in ( |118[) should be performed over all these configurations. 



For a given q, there is a lower bound on >S'(^), 

S{A) >^\q \ , (122) 
9 

which is saturated if and only if F^j^i, = ±F^^, i.e, if the configuration is 
self-dual or self-antidual. For q=l, the self-dual classical solution is called 
instanton and is given by (in the 'singular' gauge) 

Aa^i{x) = — - -, - 2 ' (123) 

g{x — zy [X ~ zy + 

where rja^i, (a=l,2,3; ^.,v= 1,2,3,4) are the t' Hooft symbols with rjaij = eaij 
(i,j=l,2,3), riaii = -Sai, rjaii = Sai and rian = 0. The instanton depends 
on four Euclidean coordinates (its position) and its scale (or size) p. Two 
successive vacua \ n), | n -I- 1) are separated by a potential barrier of height 
oi p"^ . The Euclidean action of the interpolating instanton is always equal 
to 87r^/(7^, but the height of the barrier can be made arbitrarily small since 
the size p of the instanton can be taken arbitrarily large. 

We now reintroduce the fermions into the theory and observe Q that 
the baryon and lepton number currents carry anomalies, i.e.. 



d.J^B = d.J^L - -'^3^2 ^<F,^Fn , (124) 



2 
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where Ug is the number of generations. Consequently, the tunnchng from 
I n_) to I is accompanied by a change of the baryon and lepton numbers 
AB = AL = —ngq = ~ng{n+ — We should note that i) A{B ~ L) — 0, 
and ii) for q=l, AB = AL = —3 which means that one lepton per family 
and one quark per family and color are annihilated (12-point function). 
We, finally, reintroduce the electroweak Higgs doublet h whose vev is 

< /i >= (^^^ , w w 246 GeV. (125) 

The instanton then ceases to exist as an exact solution. It is replaced by 
the so-called 'restricted instanton' |Q which is an approximate solution for 
p <C v~^. For I X — z |<C p, the gauge field of the 'restricted instanton' 
essentially coincides with that of the instanton and the Higgs field is 



For \ X — z [>■ p, the gauge and Higgs fields decay to a pure gauge and 
the vev in ( [125[ ) respectively. The action of the 'restricted instanton' is 
Sri = (STT^/g'^) + ■n'^v'^p^ + ■ • •, and thus the contribution of big size 're- 



stricted instantons' to the path integral in (118) is suppressed. This justifies 
a posteriori the fact that we restricted ourselves to solutions with p <^ . 

The height of the potential barrier between the vacua | n), | n+\) cannot 
be now arbitrarily small. Indeed, the static energy of the 'restricted instanton' 
at Xi = Z4 (A is the Higgs self-coupling), 

is minimized for 

and, thus, the minimal height of the potential barrier is i?min ^ Mw/o:w 
{aw = 3^/47r). The static solution which corresponds to the top (saddle 
point) of this potential barrier is called sphaleron ||9l| and is given by 

A = v Mfxf , h=^mf-f(^iy (129) 

where ^ = 2Mwr, f is the radial unit vector in 3-space and the 3-vector f 
consists of the Pauli matrices. The functions /(C), i(C), which can be deter- 
mined numerically, tend to zero as ^ ^ and to 1 as ^ ^ oo. The mass 
(static energy) of the sphaleron solution is estimated to be 

2 A/ 

EspY, = — k , 1.5 < A: < 2.7 , for < A < oo , (130) 

aw 
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and lies between 10 and 15 TeV. 

At r = the tunneling from | rt) to | n + 1) is utterly suppressed |Q by 
the factor exp(— 87r^/(7^). At high T's, however, thermal fluctuations over the 
potential barrier are frequent and the tunneling rate is [^,|lj enhanced. For 
Mw ^ T ^ Tc {Tc is the critical temperature of the electroweak transition), 



this rate is calculated |21 by expanding around the sphaleron. We find 



r « 10^ ng exp(-£;,ph(T)/T) . (131) 

For a second order electroweak transition, v{T), EsphiT) cx (1 — T^/T^y/^. 
We can then show that > iJ for T's between 200 GeV and Tc. Further- 
more, for T > Tc, where the sphaleron ceases to exist, it was argued pO| , pl[ 
that we still have T H . The overall conclusion is that non-perturbative 
baryon and lepton number violating processes are in equilibrium in the uni- 
verse for T Z 200 GeV. Note that B — L \s conserved by these processes. 

Given a primordial lepton asymmetry, one can calculate |7^,^ the result- 
ing ubIs. In MSSM, the SU{2)l instantons produce the effective operator 

02 = {qqqir'ih(^^h'^^'>)W^, (132) 

and the SU (3)c instantons the operator 

O3 = {qqu-d'T'g'', (133) 

where q and I are the quark and lepton SU{2)l doublets, u'^ and the up 
and down type antiquark SU{2)l singlets, h'-^^ the Higgs SU{2)l doublet 
which couples to down type quarks, g and W the gluons and W bosons, and 
tilde denotes the superpartner. These interactions as well as the usual MSSM 
interactions are in equilibrium at high T's. The equilibrium number density 
of an ultrarelativistic particle species An = ripart — JT-antipart is given by 



An 15g f /i 



s A-K^g^: \T 



(134) 



where g is the number of internal degrees of freedom of the particle, fi its 
chemical potential and e = 2 or 1 for bosons or fermions. For each interaction 
in equilibrium, the algebraic sum of the //'s of the particles involved is zero. 
These constraints leave only two independent chemical potentials, fj,q and fig. 
The baryon and lepton asymmetries are then expressed [79| as 

Ub 30 , , r,\ N 

s iTT^g^,! 

riL 45 fng{Ung + 9) , \ \ 

T = -4^ [ l + 2ng + ^("^^^^ ) ' 

where f2{ng) is a known [ [79[ function. Soft SUSY breaking couplings come in 
equilibrium at T < 10^ GeV since their rate Fs ~ ml^^/T > H 30 T'^/Mp. 
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In particular, the non-vanishing gaugino mass implies /ig ~ 0. Equation (135) 
then gives 



ns _ 4(1 + 2ng) ub^l 



s 22ng + 13 



(136) 



Equating ub-l/s with the primordial ul/s, we get ub/s = (— 28/79)nL/s, 
for rig = 3. Note that it is crucial to generate a primordial ub-l/s and 
not only a ub/s (and ul/s) since otherwise the final hb/s will vanish. This 
is another reason which disfavors the creation of the BAU via the decay of 
superheavy color (anti)triplets since their interactions usually conserve B — L. 



15 Conclusions 



We have summarized the shortcomings of the SBB model. We have then 
shown how they are resolved by inflationary cosmology which suggests that 
the universe, in its early stages, underwent a period of exponential expan- 
sion driven by an almost constant 'vacuum' energy density. This may have 
happened during the GUT phase transition at which the Higgs field which 
breaks the GUT gauge symmetry was displaced from the vacuum. This field 
(inflaton) could then, for some time, roll slowly towards the vacuum provid- 
ing the 'vacuum' energy density. Inflation generates the primordial density 
perturbations which are necessary for the large scale structure formation in 
the universe and the observed temperature fluctuations of the CMBR. Af- 
ter the end of inflation, the inflaton performs damped oscillations about the 
vacuum and eventually decays into light particles 'reheating' the universe. 

The early realizations of inflation required 'unnaturally' small coupling 
constants. This problem was solved by the so-called hybrid inflationary sce- 
nario which uses two real scalar fields instead of one that was customarily 
used. One of them provides the 'vacuum' energy density for inflation while 
the other one is the slowly rolling field. Hybrid inflation arises 'naturally' in 
many SUSY GUTs. However, the cosmological disaster from the overproduc- 
tion of GUT monopoles, which was avoided in earlier inflationary models, 
reappears in hybrid inflation. We have constructed two 'natural' extensions 
of SUSY hybrid inflation which do not suffer from the monopole problem. 

We have shown that successful 'reheating' satisfying the gravitino con- 
straint on the 'reheat' temperature takes place after the end of inflation in 
all three versions of hybrid inflation we have considered here. Adequate baryo- 
genesis via a primordial leptogenesis occurs consistently with the solar and 
atmospheric neutrino oscillation data. The primordial lepton asymmetry is 
turned partly into baryon asymmetry via the electroweak sphaleron effects. 
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